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WHICH PROBLEMS CAN WE SOLVE WITH COMPUTERS?

Non-convex, NP-hard problems are solved every day                                               
(neural networks, optimization, scheduling, …).  

Data is far from worst case                                                                    
(biology, physics, statistics, machine learning).



GENERALIZED LINEAR REGRESSION

dependent variables:

data matrix: 
unknown fitting parameters: component-wise function

Example:  

y 2 Rn
<latexit sha1_base64="eQvRqjUkh2XYB6AVYguxMvvSDUU=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqMuiG5dV7AOaWCbTSTt0MgkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45fsyZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRV0WJJLRDIh7Jvo8V5UzQjmaa034sKQ59Tnv+9Dr3e49UKhaJe53G1AvxWLCAEayNNKzWUuQygTI3xHri++hu9mDUut2w50CrxClIHQq0h9UvdxSRJKRCE46VGjh2rL0MS80Ip7OKmygaYzLFYzowVOCQKi+bh5+hU6OMUBBJ84RGc/X3RoZDpdLQN5N5RrXs5eJ/3iDRwaWXMREnmgqyOBQkHOkI5U2gEZOUaJ4agolkJisiEywx0aaviinBWf7yKumeNxy74dxe1FtXRR1lOIYTOAMHmtCCG2hDBwik8Ayv8GY9WS/Wu/WxGC1ZxU4N/sD6/AH9Q5RV</latexit><latexit sha1_base64="eQvRqjUkh2XYB6AVYguxMvvSDUU=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqMuiG5dV7AOaWCbTSTt0MgkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45fsyZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRV0WJJLRDIh7Jvo8V5UzQjmaa034sKQ59Tnv+9Dr3e49UKhaJe53G1AvxWLCAEayNNKzWUuQygTI3xHri++hu9mDUut2w50CrxClIHQq0h9UvdxSRJKRCE46VGjh2rL0MS80Ip7OKmygaYzLFYzowVOCQKi+bh5+hU6OMUBBJ84RGc/X3RoZDpdLQN5N5RrXs5eJ/3iDRwaWXMREnmgqyOBQkHOkI5U2gEZOUaJ4agolkJisiEywx0aaviinBWf7yKumeNxy74dxe1FtXRR1lOIYTOAMHmtCCG2hDBwik8Ayv8GY9WS/Wu/WxGC1ZxU4N/sD6/AH9Q5RV</latexit><latexit sha1_base64="eQvRqjUkh2XYB6AVYguxMvvSDUU=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqMuiG5dV7AOaWCbTSTt0MgkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45fsyZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRV0WJJLRDIh7Jvo8V5UzQjmaa034sKQ59Tnv+9Dr3e49UKhaJe53G1AvxWLCAEayNNKzWUuQygTI3xHri++hu9mDUut2w50CrxClIHQq0h9UvdxSRJKRCE46VGjh2rL0MS80Ip7OKmygaYzLFYzowVOCQKi+bh5+hU6OMUBBJ84RGc/X3RoZDpdLQN5N5RrXs5eJ/3iDRwaWXMREnmgqyOBQkHOkI5U2gEZOUaJ4agolkJisiEywx0aaviinBWf7yKumeNxy74dxe1FtXRR1lOIYTOAMHmtCCG2hDBwik8Ayv8GY9WS/Wu/WxGC1ZxU4N/sD6/AH9Q5RV</latexit><latexit sha1_base64="eQvRqjUkh2XYB6AVYguxMvvSDUU=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqMuiG5dV7AOaWCbTSTt0MgkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45fsyZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRV0WJJLRDIh7Jvo8V5UzQjmaa034sKQ59Tnv+9Dr3e49UKhaJe53G1AvxWLCAEayNNKzWUuQygTI3xHri++hu9mDUut2w50CrxClIHQq0h9UvdxSRJKRCE46VGjh2rL0MS80Ip7OKmygaYzLFYzowVOCQKi+bh5+hU6OMUBBJ84RGc/X3RoZDpdLQN5N5RrXs5eJ/3iDRwaWXMREnmgqyOBQkHOkI5U2gEZOUaJ4agolkJisiEywx0aaviinBWf7yKumeNxy74dxe1FtXRR1lOIYTOAMHmtCCG2hDBwik8Ayv8GY9WS/Wu/WxGC1ZxU4N/sD6/AH9Q5RV</latexit>

F 2 Rn⇥p
<latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit><latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit><latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit><latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit>

x 2 Rp
<latexit sha1_base64="MTVrLjRSEh69WNboNAJIc1623nU=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsQ9oYplMJ+3QySTMTMQSAv6KGxeKuPU73Pk3TtoutPXAwOGce7lnTpBwprTjfFulpeWV1bXyemVjc2t7x97da6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF0VfvuBSsVicafHCfUjPBAsZARrI/Xsg0fkMYEyL8J6GAToNr/PkrxnV52aMwFaJO6MVGGGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoQJHVPnZJH6Ojo3SR2EszRMaTdTfGxmOlBpHgZksUqp5rxD/87qpDi/8jIkk1VSQ6aEw5UjHqOgC9ZmkRPOxIZhIZrIiMsQSE20aq5gS3PkvL5LWac11au7NWbV+OaujDIdwBCfgwjnU4Roa0AQCGTzDK7xZT9aL9W59TEdL1mxnH/7A+vwBz2OVYg==</latexit><latexit sha1_base64="MTVrLjRSEh69WNboNAJIc1623nU=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsQ9oYplMJ+3QySTMTMQSAv6KGxeKuPU73Pk3TtoutPXAwOGce7lnTpBwprTjfFulpeWV1bXyemVjc2t7x97da6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF0VfvuBSsVicafHCfUjPBAsZARrI/Xsg0fkMYEyL8J6GAToNr/PkrxnV52aMwFaJO6MVGGGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoQJHVPnZJH6Ojo3SR2EszRMaTdTfGxmOlBpHgZksUqp5rxD/87qpDi/8jIkk1VSQ6aEw5UjHqOgC9ZmkRPOxIZhIZrIiMsQSE20aq5gS3PkvL5LWac11au7NWbV+OaujDIdwBCfgwjnU4Roa0AQCGTzDK7xZT9aL9W59TEdL1mxnH/7A+vwBz2OVYg==</latexit><latexit sha1_base64="MTVrLjRSEh69WNboNAJIc1623nU=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsQ9oYplMJ+3QySTMTMQSAv6KGxeKuPU73Pk3TtoutPXAwOGce7lnTpBwprTjfFulpeWV1bXyemVjc2t7x97da6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF0VfvuBSsVicafHCfUjPBAsZARrI/Xsg0fkMYEyL8J6GAToNr/PkrxnV52aMwFaJO6MVGGGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoQJHVPnZJH6Ojo3SR2EszRMaTdTfGxmOlBpHgZksUqp5rxD/87qpDi/8jIkk1VSQ6aEw5UjHqOgC9ZmkRPOxIZhIZrIiMsQSE20aq5gS3PkvL5LWac11au7NWbV+OaujDIdwBCfgwjnU4Roa0AQCGTzDK7xZT9aL9W59TEdL1mxnH/7A+vwBz2OVYg==</latexit><latexit sha1_base64="MTVrLjRSEh69WNboNAJIc1623nU=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsQ9oYplMJ+3QySTMTMQSAv6KGxeKuPU73Pk3TtoutPXAwOGce7lnTpBwprTjfFulpeWV1bXyemVjc2t7x97da6k4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF0VfvuBSsVicafHCfUjPBAsZARrI/Xsg0fkMYEyL8J6GAToNr/PkrxnV52aMwFaJO6MVGGGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoQJHVPnZJH6Ojo3SR2EszRMaTdTfGxmOlBpHgZksUqp5rxD/87qpDi/8jIkk1VSQ6aEw5UjHqOgC9ZmkRPOxIZhIZrIiMsQSE20aq5gS3PkvL5LWac11au7NWbV+OaujDIdwBCfgwjnU4Roa0AQCGTzDK7xZT9aL9W59TEdL1mxnH/7A+vwBz2OVYg==</latexit>

y = '(Fx)
<latexit sha1_base64="4Zb4f4yUyPKHv2BZ/NeT8Wgjqfc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWomyEpHe1GKArisoJ9QDuUTJq2oZkHSaY4DP0TNy4UceufuPNvTB+Cih64cDjnXu69x48FVxqhDyu3srq2vpHfLGxt7+zu2fsHTRUlkrIGjUQk2z5RTPCQNTTXgrVjyUjgC9byx1czvzVhUvEovNNpzLyADEM+4JRoI/VsO4UXsDshMh5xWLq+P+3ZReSgM7eCqxA5LsJV7BpSdjFCZYgdNEcRLFHv2e/dfkSTgIWaCqJUB6NYexmRmlPBpoVuolhM6JgMWcfQkARMedn88ik8MUofDiJpKtRwrn6fyEigVBr4pjMgeqR+ezPxL6+T6EHVy3gYJ5qFdLFokAioIziLAfa5ZFSL1BBCJTe3QjoiklBtwiqYEL4+hf+TZtnByMG3lWLtchlHHhyBY1ACGJyDGrgBddAAFEzAA3gCz1ZmPVov1uuiNWctZw7BD1hvn+y7kow=</latexit><latexit sha1_base64="4Zb4f4yUyPKHv2BZ/NeT8Wgjqfc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWomyEpHe1GKArisoJ9QDuUTJq2oZkHSaY4DP0TNy4UceufuPNvTB+Cih64cDjnXu69x48FVxqhDyu3srq2vpHfLGxt7+zu2fsHTRUlkrIGjUQk2z5RTPCQNTTXgrVjyUjgC9byx1czvzVhUvEovNNpzLyADEM+4JRoI/VsO4UXsDshMh5xWLq+P+3ZReSgM7eCqxA5LsJV7BpSdjFCZYgdNEcRLFHv2e/dfkSTgIWaCqJUB6NYexmRmlPBpoVuolhM6JgMWcfQkARMedn88ik8MUofDiJpKtRwrn6fyEigVBr4pjMgeqR+ezPxL6+T6EHVy3gYJ5qFdLFokAioIziLAfa5ZFSL1BBCJTe3QjoiklBtwiqYEL4+hf+TZtnByMG3lWLtchlHHhyBY1ACGJyDGrgBddAAFEzAA3gCz1ZmPVov1uuiNWctZw7BD1hvn+y7kow=</latexit><latexit sha1_base64="4Zb4f4yUyPKHv2BZ/NeT8Wgjqfc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWomyEpHe1GKArisoJ9QDuUTJq2oZkHSaY4DP0TNy4UceufuPNvTB+Cih64cDjnXu69x48FVxqhDyu3srq2vpHfLGxt7+zu2fsHTRUlkrIGjUQk2z5RTPCQNTTXgrVjyUjgC9byx1czvzVhUvEovNNpzLyADEM+4JRoI/VsO4UXsDshMh5xWLq+P+3ZReSgM7eCqxA5LsJV7BpSdjFCZYgdNEcRLFHv2e/dfkSTgIWaCqJUB6NYexmRmlPBpoVuolhM6JgMWcfQkARMedn88ik8MUofDiJpKtRwrn6fyEigVBr4pjMgeqR+ezPxL6+T6EHVy3gYJ5qFdLFokAioIziLAfa5ZFSL1BBCJTe3QjoiklBtwiqYEL4+hf+TZtnByMG3lWLtchlHHhyBY1ACGJyDGrgBddAAFEzAA3gCz1ZmPVov1uuiNWctZw7BD1hvn+y7kow=</latexit><latexit sha1_base64="4Zb4f4yUyPKHv2BZ/NeT8Wgjqfc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWomyEpHe1GKArisoJ9QDuUTJq2oZkHSaY4DP0TNy4UceufuPNvTB+Cih64cDjnXu69x48FVxqhDyu3srq2vpHfLGxt7+zu2fsHTRUlkrIGjUQk2z5RTPCQNTTXgrVjyUjgC9byx1czvzVhUvEovNNpzLyADEM+4JRoI/VsO4UXsDshMh5xWLq+P+3ZReSgM7eCqxA5LsJV7BpSdjFCZYgdNEcRLFHv2e/dfkSTgIWaCqJUB6NYexmRmlPBpoVuolhM6JgMWcfQkARMedn88ik8MUofDiJpKtRwrn6fyEigVBr4pjMgeqR+ezPxL6+T6EHVy3gYJ5qFdLFokAioIziLAfa5ZFSL1BBCJTe3QjoiklBtwiqYEL4+hf+TZtnByMG3lWLtchlHHhyBY1ACGJyDGrgBddAAFEzAA3gCz1ZmPVov1uuiNWctZw7BD1hvn+y7kow=</latexit>

'(z) = sign(z)
<latexit sha1_base64="BiWRJuo55vgSg3hlB9ZmQmYbmig=">AAACBHicbVDLSsNAFL3xWesr6rKbwSLUTUlE0I1QdOOygn1AE8pkOmmHTiZhZlKooQs3/oobF4q49SPc+TdO2yy09cCFM+fcy9x7goQzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4c3Ub42oVCwW93qcUD/CfcFCRrA2UtcueSMskwFDlYdTdIUyT0ZIsb6YmHfXLjtVZwa0TNyclCFHvWt/eb2YpBEVmnCsVMd1Eu1nWGpGOJ0UvVTRBJMh7tOOoQJHVPnZ7IgJOjFKD4WxNCU0mqm/JzIcKTWOAtMZYT1Qi95U/M/rpDq89DMmklRTQeYfhSlHOkbTRFCPSUo0HxuCiWRmV0QGWGKiTW5FE4K7ePIyaZ5VXafq3p2Xa9d5HAUowTFUwIULqMEt1KEBBB7hGV7hzXqyXqx362PeumLlM0fwB9bnD7QOltY=</latexit><latexit sha1_base64="BiWRJuo55vgSg3hlB9ZmQmYbmig=">AAACBHicbVDLSsNAFL3xWesr6rKbwSLUTUlE0I1QdOOygn1AE8pkOmmHTiZhZlKooQs3/oobF4q49SPc+TdO2yy09cCFM+fcy9x7goQzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4c3Ub42oVCwW93qcUD/CfcFCRrA2UtcueSMskwFDlYdTdIUyT0ZIsb6YmHfXLjtVZwa0TNyclCFHvWt/eb2YpBEVmnCsVMd1Eu1nWGpGOJ0UvVTRBJMh7tOOoQJHVPnZ7IgJOjFKD4WxNCU0mqm/JzIcKTWOAtMZYT1Qi95U/M/rpDq89DMmklRTQeYfhSlHOkbTRFCPSUo0HxuCiWRmV0QGWGKiTW5FE4K7ePIyaZ5VXafq3p2Xa9d5HAUowTFUwIULqMEt1KEBBB7hGV7hzXqyXqx362PeumLlM0fwB9bnD7QOltY=</latexit><latexit sha1_base64="BiWRJuo55vgSg3hlB9ZmQmYbmig=">AAACBHicbVDLSsNAFL3xWesr6rKbwSLUTUlE0I1QdOOygn1AE8pkOmmHTiZhZlKooQs3/oobF4q49SPc+TdO2yy09cCFM+fcy9x7goQzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4c3Ub42oVCwW93qcUD/CfcFCRrA2UtcueSMskwFDlYdTdIUyT0ZIsb6YmHfXLjtVZwa0TNyclCFHvWt/eb2YpBEVmnCsVMd1Eu1nWGpGOJ0UvVTRBJMh7tOOoQJHVPnZ7IgJOjFKD4WxNCU0mqm/JzIcKTWOAtMZYT1Qi95U/M/rpDq89DMmklRTQeYfhSlHOkbTRFCPSUo0HxuCiWRmV0QGWGKiTW5FE4K7ePIyaZ5VXafq3p2Xa9d5HAUowTFUwIULqMEt1KEBBB7hGV7hzXqyXqx362PeumLlM0fwB9bnD7QOltY=</latexit><latexit sha1_base64="BiWRJuo55vgSg3hlB9ZmQmYbmig=">AAACBHicbVDLSsNAFL3xWesr6rKbwSLUTUlE0I1QdOOygn1AE8pkOmmHTiZhZlKooQs3/oobF4q49SPc+TdO2yy09cCFM+fcy9x7goQzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4c3Ub42oVCwW93qcUD/CfcFCRrA2UtcueSMskwFDlYdTdIUyT0ZIsb6YmHfXLjtVZwa0TNyclCFHvWt/eb2YpBEVmnCsVMd1Eu1nWGpGOJ0UvVTRBJMh7tOOoQJHVPnZ7IgJOjFKD4WxNCU0mqm/JzIcKTWOAtMZYT1Qi95U/M/rpDq89DMmklRTQeYfhSlHOkbTRFCPSUo0HxuCiWRmV0QGWGKiTW5FE4K7ePIyaZ5VXafq3p2Xa9d5HAUowTFUwIULqMEt1KEBBB7hGV7hzXqyXqx362PeumLlM0fwB9bnD7QOltY=</latexit>

?

Goal: Minimize prediction/generalization error. 

one-layer fully-connected feedforward neural network



BASIC QUESTIONS: 

Given (y,F) and φ 

High-dimensional limit: α = n/p = Θ(1) while    

What is the minimal achievable prediction error? 

What is the minimal efficiently achievable prediction error? 

Answer: Depends on (y,F) …  

n, p ! 1
<latexit sha1_base64="/0fZgiGWfM7FtBfeTCs1/xX2lKA=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQXMiSlo10W3bisYB/QGUsmzbShmcyQZJQy9D/cuFDErf/izr8xfQgqeuDC4Zx7ufeeMBVcG4Q+nKXlldW19cJGcXNre2e3tLff0kmmKGvSRCSqExLNBJesabgRrJMqRuJQsHY4upz67TumNE/kjRmnLIjJQPKIU2KsdCtPU+ibBPpcRmbcK5WRi868Kq5B5HoI17BnScXDCFUgdtEMZbBAo1d69/sJzWImDRVE6y5GqQlyogyngk2KfqZZSuiIDFjXUklipoN8dvUEHlulD6NE2ZIGztTvEzmJtR7Hoe2MiRnq395U/MvrZiaqBTmXaWaYpPNFUSag/XMaAexzxagRY0sIVdzeCumQKEKNDapoQ/j6FP5PWhUXIxdfV8v1i0UcBXAIjsAJwOAc1MEVaIAmoECBB/AEnp1759F5cV7nrUvOYuYA/IDz9gkozJJL</latexit><latexit sha1_base64="/0fZgiGWfM7FtBfeTCs1/xX2lKA=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQXMiSlo10W3bisYB/QGUsmzbShmcyQZJQy9D/cuFDErf/izr8xfQgqeuDC4Zx7ufeeMBVcG4Q+nKXlldW19cJGcXNre2e3tLff0kmmKGvSRCSqExLNBJesabgRrJMqRuJQsHY4upz67TumNE/kjRmnLIjJQPKIU2KsdCtPU+ibBPpcRmbcK5WRi868Kq5B5HoI17BnScXDCFUgdtEMZbBAo1d69/sJzWImDRVE6y5GqQlyogyngk2KfqZZSuiIDFjXUklipoN8dvUEHlulD6NE2ZIGztTvEzmJtR7Hoe2MiRnq395U/MvrZiaqBTmXaWaYpPNFUSag/XMaAexzxagRY0sIVdzeCumQKEKNDapoQ/j6FP5PWhUXIxdfV8v1i0UcBXAIjsAJwOAc1MEVaIAmoECBB/AEnp1759F5cV7nrUvOYuYA/IDz9gkozJJL</latexit><latexit sha1_base64="/0fZgiGWfM7FtBfeTCs1/xX2lKA=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQXMiSlo10W3bisYB/QGUsmzbShmcyQZJQy9D/cuFDErf/izr8xfQgqeuDC4Zx7ufeeMBVcG4Q+nKXlldW19cJGcXNre2e3tLff0kmmKGvSRCSqExLNBJesabgRrJMqRuJQsHY4upz67TumNE/kjRmnLIjJQPKIU2KsdCtPU+ibBPpcRmbcK5WRi868Kq5B5HoI17BnScXDCFUgdtEMZbBAo1d69/sJzWImDRVE6y5GqQlyogyngk2KfqZZSuiIDFjXUklipoN8dvUEHlulD6NE2ZIGztTvEzmJtR7Hoe2MiRnq395U/MvrZiaqBTmXaWaYpPNFUSag/XMaAexzxagRY0sIVdzeCumQKEKNDapoQ/j6FP5PWhUXIxdfV8v1i0UcBXAIjsAJwOAc1MEVaIAmoECBB/AEnp1759F5cV7nrUvOYuYA/IDz9gkozJJL</latexit><latexit sha1_base64="/0fZgiGWfM7FtBfeTCs1/xX2lKA=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQXMiSlo10W3bisYB/QGUsmzbShmcyQZJQy9D/cuFDErf/izr8xfQgqeuDC4Zx7ufeeMBVcG4Q+nKXlldW19cJGcXNre2e3tLff0kmmKGvSRCSqExLNBJesabgRrJMqRuJQsHY4upz67TumNE/kjRmnLIjJQPKIU2KsdCtPU+ibBPpcRmbcK5WRi868Kq5B5HoI17BnScXDCFUgdtEMZbBAo1d69/sJzWImDRVE6y5GqQlyogyngk2KfqZZSuiIDFjXUklipoN8dvUEHlulD6NE2ZIGztTvEzmJtR7Hoe2MiRnq395U/MvrZiaqBTmXaWaYpPNFUSag/XMaAexzxagRY0sIVdzeCumQKEKNDapoQ/j6FP5PWhUXIxdfV8v1i0UcBXAIjsAJwOAc1MEVaIAmoECBB/AEnp1759F5cV7nrUvOYuYA/IDz9gkozJJL</latexit>



F 2 Rn⇥p
<latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit><latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit><latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit><latexit sha1_base64="qBEKuVMwqTHJ4D6ZF2yx1HJFqhg=">AAACBnicbVBNS8NAEN34WetX1KMIi0XwVBIR9FgUxGMV+wFNLJvtpl262YTdiVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QCK7Bcb6thcWl5ZXV0lp5fWNza9ve2W3qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoaXhd96YErzWN7BKGF+RPqSh5wSMFLXPrjCHpc48yICgyDAt/l9Jj3gEdM4ybt2xak6Y+B54k5JBU1R79pfXi+macQkUEG07rhOAn5GFHAqWF72Us0SQoekzzqGSmL2+Nn4jRwfGaWHw1iZkoDH6u+JjERaj6LAdBbX6lmvEP/zOimE537GZZICk3SyKEwFhhgXmeAeV4yCGBlCqOLmVkwHRBEKJrmyCcGdfXmeNE+qrlN1b04rtYtpHCW0jw7RMXLRGaqha1RHDUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/j6uYjA==</latexit>

PROBABILISTIC MODEL
Gardner, Derrida’89; Mézard’89; ……… many more papers in statistical physics. 

Teacher: 

F iid components,    
x* iid components, 
Generates:    

Student:  
Aims to estimate x from (y,F). Knows PX, and φ. 

Fµi ⇠ N (0, 1/p)
<latexit sha1_base64="lTFO64pAX6BGT0nK76keFV9rePY="></latexit><latexit sha1_base64="lTFO64pAX6BGT0nK76keFV9rePY="></latexit><latexit sha1_base64="lTFO64pAX6BGT0nK76keFV9rePY="></latexit><latexit sha1_base64="lTFO64pAX6BGT0nK76keFV9rePY="></latexit>

x⇤
i ⇠ PX

<latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit><latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit><latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit><latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit>

y = '⇠(Fx⇤)
<latexit sha1_base64="ngRYpEXv38N/yLe77Y5scDWEOA0=">AAAB/nicdVDLSgMxFM34rPVVFVdugkWoLobM0Gq7EIqCuKxgH9DWIZNm2tDMgyRTWoaCv+LGhSJu/Q53/o3pQ1DRAxcO59zLvfe4EWdSIfRhLCwuLa+sptbS6xubW9uZnd2aDGNBaJWEPBQNF0vKWUCriilOG5Gg2Hc5rbv9y4lfH1AhWRjcqlFE2z7uBsxjBCstOZn9ETyHrQEWUY85rSHLXQ3vTo6dTBaZyC4W8jZEpl1AJaukSQFZpdM8tEw0RRbMUXEy761OSGKfBopwLGXTQpFqJ1goRjgdp1uxpBEmfdylTU0D7FPZTqbnj+GRVjrQC4WuQMGp+n0iwb6UI9/VnT5WPfnbm4h/ec1YecV2woIoVjQgs0VezKEK4SQL2GGCEsVHmmAimL4Vkh4WmCidWFqH8PUp/J/UbNNCpnWTz5Yv5nGkwAE4BDlggTNQBtegAqqAgAQ8gCfwbNwbj8aL8TprXTDmM3vgB4y3T++GlNQ=</latexit><latexit sha1_base64="ngRYpEXv38N/yLe77Y5scDWEOA0=">AAAB/nicdVDLSgMxFM34rPVVFVdugkWoLobM0Gq7EIqCuKxgH9DWIZNm2tDMgyRTWoaCv+LGhSJu/Q53/o3pQ1DRAxcO59zLvfe4EWdSIfRhLCwuLa+sptbS6xubW9uZnd2aDGNBaJWEPBQNF0vKWUCriilOG5Gg2Hc5rbv9y4lfH1AhWRjcqlFE2z7uBsxjBCstOZn9ETyHrQEWUY85rSHLXQ3vTo6dTBaZyC4W8jZEpl1AJaukSQFZpdM8tEw0RRbMUXEy761OSGKfBopwLGXTQpFqJ1goRjgdp1uxpBEmfdylTU0D7FPZTqbnj+GRVjrQC4WuQMGp+n0iwb6UI9/VnT5WPfnbm4h/ec1YecV2woIoVjQgs0VezKEK4SQL2GGCEsVHmmAimL4Vkh4WmCidWFqH8PUp/J/UbNNCpnWTz5Yv5nGkwAE4BDlggTNQBtegAqqAgAQ8gCfwbNwbj8aL8TprXTDmM3vgB4y3T++GlNQ=</latexit><latexit sha1_base64="ngRYpEXv38N/yLe77Y5scDWEOA0=">AAAB/nicdVDLSgMxFM34rPVVFVdugkWoLobM0Gq7EIqCuKxgH9DWIZNm2tDMgyRTWoaCv+LGhSJu/Q53/o3pQ1DRAxcO59zLvfe4EWdSIfRhLCwuLa+sptbS6xubW9uZnd2aDGNBaJWEPBQNF0vKWUCriilOG5Gg2Hc5rbv9y4lfH1AhWRjcqlFE2z7uBsxjBCstOZn9ETyHrQEWUY85rSHLXQ3vTo6dTBaZyC4W8jZEpl1AJaukSQFZpdM8tEw0RRbMUXEy761OSGKfBopwLGXTQpFqJ1goRjgdp1uxpBEmfdylTU0D7FPZTqbnj+GRVjrQC4WuQMGp+n0iwb6UI9/VnT5WPfnbm4h/ec1YecV2woIoVjQgs0VezKEK4SQL2GGCEsVHmmAimL4Vkh4WmCidWFqH8PUp/J/UbNNCpnWTz5Yv5nGkwAE4BDlggTNQBtegAqqAgAQ8gCfwbNwbj8aL8TprXTDmM3vgB4y3T++GlNQ=</latexit><latexit sha1_base64="ngRYpEXv38N/yLe77Y5scDWEOA0=">AAAB/nicdVDLSgMxFM34rPVVFVdugkWoLobM0Gq7EIqCuKxgH9DWIZNm2tDMgyRTWoaCv+LGhSJu/Q53/o3pQ1DRAxcO59zLvfe4EWdSIfRhLCwuLa+sptbS6xubW9uZnd2aDGNBaJWEPBQNF0vKWUCriilOG5Gg2Hc5rbv9y4lfH1AhWRjcqlFE2z7uBsxjBCstOZn9ETyHrQEWUY85rSHLXQ3vTo6dTBaZyC4W8jZEpl1AJaukSQFZpdM8tEw0RRbMUXEy761OSGKfBopwLGXTQpFqJ1goRjgdp1uxpBEmfdylTU0D7FPZTqbnj+GRVjrQC4WuQMGp+n0iwb6UI9/VnT5WPfnbm4h/ec1YecV2woIoVjQgs0VezKEK4SQL2GGCEsVHmmAimL4Vkh4WmCidWFqH8PUp/J/UbNNCpnWTz5Yv5nGkwAE4BDlggTNQBtegAqqAgAQ8gCfwbNwbj8aL8TprXTDmM3vgB4y3T++GlNQ=</latexit>

⇠
<latexit sha1_base64="ml8pzvKk9IojnMzCuAnprZTydaY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Gno0YHILevEY0SyQDKGn05M06ekZunvEMOQTvHhQxKtf5M2/sbMIrg8KHu9VUVUvSATXBuN3J7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1A6KZ4JI1DDeCtRPFSBQI1gpGF1O/dcuU5rG8MeOE+REZSB5ySoyVrrt3vFcsYRdXK/i0in4Tz8UzlGCBeq/41u3HNI2YNFQQrTseToyfEWU4FWxS6KaaJYSOyIB1LJUkYtrPZqdO0JFV+iiMlS1p0Ez9OpGRSOtxFNjOiJih/ulNxb+8TmrCip9xmaSGSTpfFKYCmRhN/0Z9rhg1YmwJoYrbWxEdEkWosekUbAifn6L/SfPE9bDrXZVLtfNFHHk4gEM4Bg/OoAaXUIcGUBjAPTzCkyOcB+fZeZm35pzFzD58g/P6Admyjiw=</latexit><latexit sha1_base64="ml8pzvKk9IojnMzCuAnprZTydaY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Gno0YHILevEY0SyQDKGn05M06ekZunvEMOQTvHhQxKtf5M2/sbMIrg8KHu9VUVUvSATXBuN3J7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1A6KZ4JI1DDeCtRPFSBQI1gpGF1O/dcuU5rG8MeOE+REZSB5ySoyVrrt3vFcsYRdXK/i0in4Tz8UzlGCBeq/41u3HNI2YNFQQrTseToyfEWU4FWxS6KaaJYSOyIB1LJUkYtrPZqdO0JFV+iiMlS1p0Ez9OpGRSOtxFNjOiJih/ulNxb+8TmrCip9xmaSGSTpfFKYCmRhN/0Z9rhg1YmwJoYrbWxEdEkWosekUbAifn6L/SfPE9bDrXZVLtfNFHHk4gEM4Bg/OoAaXUIcGUBjAPTzCkyOcB+fZeZm35pzFzD58g/P6Admyjiw=</latexit><latexit sha1_base64="ml8pzvKk9IojnMzCuAnprZTydaY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Gno0YHILevEY0SyQDKGn05M06ekZunvEMOQTvHhQxKtf5M2/sbMIrg8KHu9VUVUvSATXBuN3J7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1A6KZ4JI1DDeCtRPFSBQI1gpGF1O/dcuU5rG8MeOE+REZSB5ySoyVrrt3vFcsYRdXK/i0in4Tz8UzlGCBeq/41u3HNI2YNFQQrTseToyfEWU4FWxS6KaaJYSOyIB1LJUkYtrPZqdO0JFV+iiMlS1p0Ez9OpGRSOtxFNjOiJih/ulNxb+8TmrCip9xmaSGSTpfFKYCmRhN/0Z9rhg1YmwJoYrbWxEdEkWosekUbAifn6L/SfPE9bDrXZVLtfNFHHk4gEM4Bg/OoAaXUIcGUBjAPTzCkyOcB+fZeZm35pzFzD58g/P6Admyjiw=</latexit><latexit sha1_base64="ml8pzvKk9IojnMzCuAnprZTydaY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Gno0YHILevEY0SyQDKGn05M06ekZunvEMOQTvHhQxKtf5M2/sbMIrg8KHu9VUVUvSATXBuN3J7e0vLK6ll8vbGxube8Ud/eaOk4VZQ0ai1i1A6KZ4JI1DDeCtRPFSBQI1gpGF1O/dcuU5rG8MeOE+REZSB5ySoyVrrt3vFcsYRdXK/i0in4Tz8UzlGCBeq/41u3HNI2YNFQQrTseToyfEWU4FWxS6KaaJYSOyIB1LJUkYtrPZqdO0JFV+iiMlS1p0Ez9OpGRSOtxFNjOiJih/ulNxb+8TmrCip9xmaSGSTpfFKYCmRhN/0Z9rhg1YmwJoYrbWxEdEkWosekUbAifn6L/SfPE9bDrXZVLtfNFHHk4gEM4Bg/OoAaXUIcGUBjAPTzCkyOcB+fZeZm35pzFzD58g/P6Admyjiw=</latexit>

noise: 

Teacher-student setting



WHY TEACHER/STUDENT SETTING?

Tractable theory (including constants), complementary to the 
worst-case theories.  

Sometimes realistic (e.g. compressed sensing, super-position error 
correcting codes, code multiple-division access problem). 

Interesting: phase transitions and algorithmic gaps.  

Challenging: Formula for optimal prediction error 
conjectured by Gardner, Derrida’89; Gyorgyi’90. Partial results in 
Talagrand’03: “Spin Glasses: A Challenge for Mathematicians”. Proof in 
Barbier, Krzakala, Macris, Miolane, LZ, arXiv:1708.03395, COLT’18. 



BAYES-OPTIMAL ESTIMATION 

x* is generated from PX, y is generated from     

x* is then "forgotten" and has to be recovered from F and y.  

Bayes optimal estimator     = posterior mean of xi.                      

Optimal because it minimises

Pout(y|z) = EP⇠ [�(y � '⇠(z)]
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🙂

for the teacher-student setting 



BAYES-OPTIMAL GENERALIZATION 

x* is generated from PX, y is generated from     

New row, Fnew, is given; predict the label that x* would generate, 
without knowing x*.  

Bayes optimal prediction:

Pout(y|z) = EP⇠ [�(y � '⇠(z)]
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ŷnew = EP (x|y,F ),P⇠
['⇠(Fnewx)] .
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COMPUTATIONAL CAVEAT

High-dimensional limit: α = n/p = Θ(1) while 

Computing posterior averages:  

Easy for Gaussian PX and Pout (ridge regression).  

NP-hard for general PX and Pout.      
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PERCEPTRON
highlight of the results



TEACHER-STUDENT PERCEPTRON

?

p=2, n=22, α=n/p=11

Fµi ⇠ N (0, 1/p)
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coordinates 
of points:

hyper-plane 
parameters:

labels

- introduce the model -  

Gyorgyi’90: conjectures formula for 
optimal generalisation error using 
replica method from disordered systems.

n, p ! 1
<latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit>

↵ =
n

p
= ⇥(1)

<latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit><latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit><latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit><latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit>
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PX(x) = ⇢N (0, 1) + (1� ⇢)�(x)
⇢ = 0.2

n, p ! 1
<latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit>

↵ =
n

p
= ⇥(1)

<latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit><latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit><latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit><latexit sha1_base64="rDBqZk+0nga1vqGCQqogzA9XBZw=">AAACCXicdVDLSgMxFM3UV62vUZdugkWomzJTBN0IRTcuK/QF7VDupJk2NJMZkoxQhtm68VfcuFDErX/gzr8x01bweSDk5Jx7ubnHjzlT2nHercLS8srqWnG9tLG5tb1j7+61VZRIQlsk4pHs+qAoZ4K2NNOcdmNJIfQ57fiTy9zv3FCpWCSaehpTL4SRYAEjoI00sHEfeDwGfI77gQSSiiyNs/zVHFMNFfd4YJedas3JgX8Ttzq7nTJaoDGw3/rDiCQhFZpwUKrnOrH2UpCaEU6zUj9RNAYygRHtGSogpMpLZ5tk+MgoQxxE0hyh8Uz92pFCqNQ09E1lCHqsfnq5+JfXS3Rw5qVMxImmgswHBQnHOsJ5LHjIJCWaTw0BIpn5KyZjMIloE17JhPC5Kf6ftGtV16m61yfl+sUijiI6QIeoglx0iuroCjVQCxF0i+7RI3qy7qwH69l6mZcWrEXPPvoG6/UDfamY5w==</latexit>
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↵IT = 1.249
↵Alg = 1.493

hard

n, p ! 1
<latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit>
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p
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OUTLINE OF THE REST

Formula for the optimal error (+ proof idea).  

Approximate message passing (AMP) algorithms reaching 
optimality (out of a hard phase).  

Hard phase conjecture: AMP gets lowest error from all 
polynomial algorithms. 



REMINDER OF THE SETTING

F random iid,  

x* is generated from PX, y is generated from  Pout(y|Fx*) 

High-dimensional limit: α = n/p = Θ(1) while

P (x|y, F ) =
1

Z(y, F )

nY

µ=1

Pout(yµ|
pX

i=1

Fµixi)
pY

i=1

PX(xi)
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MAIN  THEOREMS

Theorem 1 (replica free entropy, informally): 

f = sup
m

inf
m̂

fRS(m, m̂)

fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2

⇢ = EPX (x2)

where

Barbier, Krzakala, Macris, Miolane, LZ arXiv:1708.03395, COLT’18

Def. “quenched” free entropy:

�PX (m̂) ⌘ Ez,x0

h
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Theorem 1 (replica free entropy, informally): 

f = sup
m

inf
m̂

fRS(m, m̂)

fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2

Theorem 2 (optimal estimation error, informally): 

Def. “quenched” free entropy:

⇢ = EPX (x2)

MMSE = ⇢�m⇤

where m* is the extremizer of fRS.
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Theorem 1 (replica free entropy, informally): 
f = sup

m
inf
m̂

fRS(m, m̂)

fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2
Theorem 3 (optimal generalisation error, informally): 

Def. “quenched” free entropy:

⇢ = EPX (x2)where m* is the extremizer of fRS.
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f ⌘ lim
p!1

1

p
Ey,F logZ(y, F )
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SELECTED RELATED WORK I

Replica method of statistical physics leads to the same free entropy and expression 
for optimal error.  

Gardner, Derrida’89, Gyorgyi’90, Sompolinsky, Tishby, Seung’90 free entropy 
conjectured for the teacher-student setting of binary perceptron. Followed by large 
activity of statistical physicist on neural networks, reviewed Engel, Broeck’01. 

In information and communication theory the replica formula known as the 
Tanaka’02 formula for the CDMA problem.  

In compressed sensing Guo, Baron, Shamai’09, Wu, Verdu’11, Krzakala, Mezard, 
Sausset, Sun, LZ’12.  

Previous rigorous proof only for a special case of the linear output with Gaussian 
noise: Barbier, Dia, Macris, Krzakala’16, and independently Reeves, Pfister’16.  



PROOF IDEA

⇠ ⇠ N (0, 1)

x⇤ ⇠ PX

�PX (m̂)

�Pout(m; ⇢)

fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2

ỹ ⇠ Pout(ỹ|
p
mv +

p
⇢�mz⇤) v, z⇤ ⇠ N (0, 1)

⇢ = EPX (x2)

is the free entropy of a scalar denoising problem 

Notice 

is the free entropy of a scalar denoising problem 

y0 =
p
m̂x⇤ + ⇠

Barbier, Krzakala, Macris, Miolane, LZ arXiv:1708.03395, COLT’18



PROOF IDEA

Guerra-Toninelli-like interpolation between the original 
posterior and N + M independent scalar denoising problems. 

Interpolating Hamiltonian (=log-likelihood): 

st,µ =
p
1� t[Fx]µ +

sZ t

0
m(t0)dt0vµ +

sZ t

0
(⇢�m(t0))dt0zµ

Ht = �

nX

µ=1

lnPout(yµ|st,µ) +
1

2

pX

i=1

[
p

tm̂(x⇤
i � xi) + ⇠i]

2
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PROOF IDEA

Interpolating free entropy: 

fN (t = 0) = fN � 1

2

Main aim: Choose interpolation path m(t) so that fN(t) 
effectively does not depend on t! 

Key property for this to work (Nishimori): Under expectations 
ground truth x* is exchangeable for a sample from P(x|y,F). 

Ex⇤,yEP (x|y)[g(y, x
(1), x⇤)] = EyEP (x|y)[g(y, x

(1), x(2))]

fN (t = 1) = �1 +mm̂

2
+ �PX (m̂) + n/p�Pout(

Z 1

0
m(t)dt; ⇢)
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IS THE OPTIMAL ERROR 
REACHABLE WITH EFFICIENT 

ALGORITHMS? 



The p-dimensional integral in BP is algorithmically 
intractable … but when                 we can simplify 
into approximate message passing.  

APPROXIMATE MESSAGE PASSING

P (x|y, F ) =
1

Z(y, F )

nY

µ=1

Pout(yµ|
pX

i=1

Fµixi)
pY

i=1

PX(xi)
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Belief propagation (BP):

p ! 1
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Onsager 
terms

Simple to implement, only 
matrix multiplications, O(N2)



Onsager 
terms

Simple to implement, only 
matrix multiplications, O(np)

GAMP for prediction: 

ŷtnew =
1p
2⇡V t

Z
dz dy yPout(y|z)e�

1
2V t (z�

P
i Fnew,ia

t�1
i )2



STATE EVOLUTION

Define:  

mt in the AMP algorithm (                                 ) evolves as: 

Recall the RS free entropy

then  MSE(t) = ⇢�mt

fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2

mt+1 = 2@m̂�PX (m̂t)

m̂t = 2↵@m�Pout(m
t; ⇢)

mt ⌘ 1

p

pX

i=1

x⇤
i a

t
i
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n, p ! 1,↵ = ⇥(1)
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AMP-MSE given by the local maximum of the free entropy 
reached starting from small m/large MSE. 

MMSE is given by the global maximum of the free entropy.

BOTTOM LINE
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fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2

MMSE = ⇢� argmaxfRS(m)
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MSEAMP = ⇢�mAMP
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argmax fRS(m)

fRS(m) = infm̂fRS(m, m̂)
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Idea from Thouless-Anderson-Palmer’76 but problem with time-indices and 
hence with convergence. Resolved by Bolthausen in ~2008.  

AMP for general prior written by Donoho, Maleki, Montanari in 2009. G-AMP 
derived by Rangan’10, but also appeared earlier in Kabashima’03 (as a way to 
unify perceptron and CDMA). 

State evolution proven in Bolthausen’08 for another model, regression by Bayati, 
Montanari’11 for Gaussian matrices and output, and by Bayati, Lelarge, 
Montanari’12 for general iid matrices, and Gaussian output. General output and 
Gaussian matrices in Javanmard, Montanari’13.    
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PHASE TRANSITIONS
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HARD PHASE IN NATURE

Metastable diamond = high error. Equilibrium graphite = low error. 
Algorithms are stuck at high error for exponential time.   



PHASE DIAGRAM OF  (NOISELESS) 
SPARSE LINEAR ESTIMATION

↵IT < ↵ < ↵Alg

Hard for all known polynomial 
algorithms: 
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HARD PHASE EVERYWHERE!

Identified in probabilistic models for: 
‣ stochastic block model 
‣ dense planted sub-matrix;       
‣ low-rank tensor completion;         
‣ compressed sensing;                                           
‣ planted constraint satisfaction;                        
‣ Gaussian mixture clustering;                           
‣ low-density parity check error correcting codes;                                       
‣ sparse principal component analysis;                   
‣ generalised linear regression;                                                               
‣ dictionary learning;                                                               
‣ blind source separation;  
‣ learning in binary perceptron;  
‣ phase retrieval; …



Px  Gauss-Bernoulli(  )⇢

SIGN-LESS COMPRESSED SENSING

You cannot sense 
compressively if 
you lost the signs! 

y = |Fx⇤|

real-valued phase retrieval



Px  Gauss-Bernoulli(  )⇢

RELU COMPRESSED SENSING

Zeros in relu are not 
helpful information-
theoretically, but 
algorithmically they are. 

y = max(0, Fx⇤)



PERCEPTRON



GAUSS-BERNOULLI PERCEPTRON 
OR 1-BIT COMPRESSED SENSING
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y = sign(Fx⇤)

↵

PX(x) = ⇢N (0, 1) + (1� ⇢)�(x)

⇢ = 0.2



PX(x) =
1
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[�(x� 1) + �(x+ 1)]

BINARY PERCEPTRON
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y = sign(Fx⇤)

↵

↵IT = 1.249

↵Alg = 1.493

Gardner, Derrida’89, Gyorgyi’90, Sompolinsky, Tishby, Seung’90
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PX(x) =
1

2
[�(x� 1) + �(x+ 1)]

SYMMETRIC BINARY PERCEPTRON

Very simple yet 
very hard 
benchmark for 
classification! 
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K chosen so that P(y=1)=0.5

from: Barbier, Krzakala, Macris, Miolane, LZ arXiv:1708.03395, COLT’18 

y = sign(|Fx⇤|�K)
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INCLUDING HIDDEN VARIABLES

data
F

y
labels

x
w1 w2

weights

p input units

K hidden units

output unit

L=3 layers

n training samples

x learned, w fixed

Limit:  ↵ =
n

p
= ⇥(1)
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n, p ! 1
<latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit><latexit sha1_base64="nlHlVGaJ6ZpduPkxrgrhFfo+x+E=">AAAB9XicdVBNSwMxEJ2tX7V+VT16CRbBg5TdIuix6MVjBdsKbS3ZNNuGZrNLMqssS/+HFw+KePW/ePPfmG0r+Pkg5PHeDDPz/FgKg6777hQWFpeWV4qrpbX1jc2t8vZOy0SJZrzJIhnpa58aLoXiTRQo+XWsOQ19ydv++Dz327dcGxGpK0xj3gvpUIlAMIpWulFHMeliRLpCBZj2yxW3WnNzkN/Eq05/twJzNPrlt+4gYknIFTJJjel4boy9jGoUTPJJqZsYHlM2pkPesVTRkJteNt16Qg6sMiBBpO1TSKbq146MhsakoW8rQ4oj89PLxb+8ToLBaS8TKk6QKzYbFCSS2DvzCMhAaM5QppZQpoXdlbAR1ZShDapkQ/i8lPxPWrWq51a9y+NK/WweRxH2YB8OwYMTqMMFNKAJDDTcwyM8OXfOg/PsvMxKC868Zxe+wXn9AOLfkhs=</latexit>

K = ⇥(1)
<latexit sha1_base64="yBr8mIukLfCsZG+Ld/yHzN0ow9U=">AAAB83icdVDJSgNBEK1xjXGLevTSGIR4GWaCoBch6EXwEiEbZIbQ06lJmvQsdPcIIeQ3vHhQxKs/482/sSeJ4PqgqMd7VXT1C1LBlXacd2tpeWV1bb2wUdzc2t7ZLe3tt1SSSYZNlohEdgKqUPAYm5prgZ1UIo0Cge1gdJX77TuUiidxQ49T9CM6iHnIGdVG8m4uiNcYoqYV96RXKjt21clBfhPXnnWnDAvUe6U3r5+wLMJYM0GV6rpOqv0JlZozgdOilylMKRvRAXYNjWmEyp/Mbp6SY6P0SZhIU7EmM/XrxoRGSo2jwExGVA/VTy8X//K6mQ7P/QmP00xjzOYPhZkgOiF5AKTPJTItxoZQJrm5lbAhlZRpE1PRhPD5U/I/aVVt17Hd29Ny7XIRRwEO4Qgq4MIZ1OAa6tAEBincwyM8WZn1YD1bL/PRJWuxcwDfYL1+ACtukHQ=</latexit><latexit sha1_base64="yBr8mIukLfCsZG+Ld/yHzN0ow9U=">AAAB83icdVDJSgNBEK1xjXGLevTSGIR4GWaCoBch6EXwEiEbZIbQ06lJmvQsdPcIIeQ3vHhQxKs/482/sSeJ4PqgqMd7VXT1C1LBlXacd2tpeWV1bb2wUdzc2t7ZLe3tt1SSSYZNlohEdgKqUPAYm5prgZ1UIo0Cge1gdJX77TuUiidxQ49T9CM6iHnIGdVG8m4uiNcYoqYV96RXKjt21clBfhPXnnWnDAvUe6U3r5+wLMJYM0GV6rpOqv0JlZozgdOilylMKRvRAXYNjWmEyp/Mbp6SY6P0SZhIU7EmM/XrxoRGSo2jwExGVA/VTy8X//K6mQ7P/QmP00xjzOYPhZkgOiF5AKTPJTItxoZQJrm5lbAhlZRpE1PRhPD5U/I/aVVt17Hd29Ny7XIRRwEO4Qgq4MIZ1OAa6tAEBincwyM8WZn1YD1bL/PRJWuxcwDfYL1+ACtukHQ=</latexit><latexit sha1_base64="yBr8mIukLfCsZG+Ld/yHzN0ow9U=">AAAB83icdVDJSgNBEK1xjXGLevTSGIR4GWaCoBch6EXwEiEbZIbQ06lJmvQsdPcIIeQ3vHhQxKs/482/sSeJ4PqgqMd7VXT1C1LBlXacd2tpeWV1bb2wUdzc2t7ZLe3tt1SSSYZNlohEdgKqUPAYm5prgZ1UIo0Cge1gdJX77TuUiidxQ49T9CM6iHnIGdVG8m4uiNcYoqYV96RXKjt21clBfhPXnnWnDAvUe6U3r5+wLMJYM0GV6rpOqv0JlZozgdOilylMKRvRAXYNjWmEyp/Mbp6SY6P0SZhIU7EmM/XrxoRGSo2jwExGVA/VTy8X//K6mQ7P/QmP00xjzOYPhZkgOiF5AKTPJTItxoZQJrm5lbAhlZRpE1PRhPD5U/I/aVVt17Hd29Ny7XIRRwEO4Qgq4MIZ1OAa6tAEBincwyM8WZn1YD1bL/PRJWuxcwDfYL1+ACtukHQ=</latexit><latexit sha1_base64="yBr8mIukLfCsZG+Ld/yHzN0ow9U=">AAAB83icdVDJSgNBEK1xjXGLevTSGIR4GWaCoBch6EXwEiEbZIbQ06lJmvQsdPcIIeQ3vHhQxKs/482/sSeJ4PqgqMd7VXT1C1LBlXacd2tpeWV1bb2wUdzc2t7ZLe3tt1SSSYZNlohEdgKqUPAYm5prgZ1UIo0Cge1gdJX77TuUiidxQ49T9CM6iHnIGdVG8m4uiNcYoqYV96RXKjt21clBfhPXnnWnDAvUe6U3r5+wLMJYM0GV6rpOqv0JlZozgdOilylMKRvRAXYNjWmEyp/Mbp6SY6P0SZhIU7EmM/XrxoRGSo2jwExGVA/VTy8X//K6mQ7P/QmP00xjzOYPhZkgOiF5AKTPJTItxoZQJrm5lbAhlZRpE1PRhPD5U/I/aVVt17Hd29Ny7XIRRwEO4Qgq4MIZ1OAa6tAEBincwyM8WZn1YD1bL/PRJWuxcwDfYL1+ACtukHQ=</latexit>

Committee machine
Teacher-student model studied in Schwarze, Herz’92. Proof and approximate message 
passing (Aubin, Maillard, Barbier, Macris, Krzakala, LZ’19), submitted to NIPS. 



COMMITTEE MACHINE

Specialization phase transition

K=2 yµ = sign[sign(
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⇤
i1) + sign(
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⇤
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<latexit sha1_base64="NO3PreYfxZQAKS3pCjFkY85hOmU="></latexit><latexit sha1_base64="NO3PreYfxZQAKS3pCjFkY85hOmU="></latexit><latexit sha1_base64="NO3PreYfxZQAKS3pCjFkY85hOmU="></latexit><latexit sha1_base64="NO3PreYfxZQAKS3pCjFkY85hOmU="></latexit>

sign(0) = 0
<latexit sha1_base64="Dc5utTXextgZij3T2/A7p36jzo8=">AAAB+nicbVBNSwMxEJ31s9avrR69BItQLyUrgl6EohePFewHtEvJptk2NJtdkqxS1v4ULx4U8eov8ea/MW33oK0PBh7vzTAzL0gE1wbjb2dldW19Y7OwVdze2d3bd0sHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFo5up33pgSvNY3ptxwvyIDCQPOSXGSj23lHVVhDQfyAo+naArhHtuGVfxDGiZeDkpQ456z/3q9mOaRkwaKojWHQ8nxs+IMpwKNil2U80SQkdkwDqWShIx7Wez0yfoxCp9FMbKljRopv6eyEik9TgKbGdEzFAvelPxP6+TmvDSz7hMUsMknS8KU4FMjKY5oD5XjBoxtoRQxe2tiA6JItTYtIo2BG/x5WXSPKt6uOrdnZdr13kcBTiCY6iABxdQg1uoQwMoPMIzvMKb8+S8OO/Ox7x1xclnDuEPnM8fCE+Shw==</latexit><latexit sha1_base64="Dc5utTXextgZij3T2/A7p36jzo8=">AAAB+nicbVBNSwMxEJ31s9avrR69BItQLyUrgl6EohePFewHtEvJptk2NJtdkqxS1v4ULx4U8eov8ea/MW33oK0PBh7vzTAzL0gE1wbjb2dldW19Y7OwVdze2d3bd0sHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFo5up33pgSvNY3ptxwvyIDCQPOSXGSj23lHVVhDQfyAo+naArhHtuGVfxDGiZeDkpQ456z/3q9mOaRkwaKojWHQ8nxs+IMpwKNil2U80SQkdkwDqWShIx7Wez0yfoxCp9FMbKljRopv6eyEik9TgKbGdEzFAvelPxP6+TmvDSz7hMUsMknS8KU4FMjKY5oD5XjBoxtoRQxe2tiA6JItTYtIo2BG/x5WXSPKt6uOrdnZdr13kcBTiCY6iABxdQg1uoQwMoPMIzvMKb8+S8OO/Ox7x1xclnDuEPnM8fCE+Shw==</latexit><latexit sha1_base64="Dc5utTXextgZij3T2/A7p36jzo8=">AAAB+nicbVBNSwMxEJ31s9avrR69BItQLyUrgl6EohePFewHtEvJptk2NJtdkqxS1v4ULx4U8eov8ea/MW33oK0PBh7vzTAzL0gE1wbjb2dldW19Y7OwVdze2d3bd0sHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFo5up33pgSvNY3ptxwvyIDCQPOSXGSj23lHVVhDQfyAo+naArhHtuGVfxDGiZeDkpQ456z/3q9mOaRkwaKojWHQ8nxs+IMpwKNil2U80SQkdkwDqWShIx7Wez0yfoxCp9FMbKljRopv6eyEik9TgKbGdEzFAvelPxP6+TmvDSz7hMUsMknS8KU4FMjKY5oD5XjBoxtoRQxe2tiA6JItTYtIo2BG/x5WXSPKt6uOrdnZdr13kcBTiCY6iABxdQg1uoQwMoPMIzvMKb8+S8OO/Ox7x1xclnDuEPnM8fCE+Shw==</latexit><latexit sha1_base64="Dc5utTXextgZij3T2/A7p36jzo8=">AAAB+nicbVBNSwMxEJ31s9avrR69BItQLyUrgl6EohePFewHtEvJptk2NJtdkqxS1v4ULx4U8eov8ea/MW33oK0PBh7vzTAzL0gE1wbjb2dldW19Y7OwVdze2d3bd0sHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsFo5up33pgSvNY3ptxwvyIDCQPOSXGSj23lHVVhDQfyAo+naArhHtuGVfxDGiZeDkpQ456z/3q9mOaRkwaKojWHQ8nxs+IMpwKNil2U80SQkdkwDqWShIx7Wez0yfoxCp9FMbKljRopv6eyEik9TgKbGdEzFAvelPxP6+TmvDSz7hMUsMknS8KU4FMjKY5oD5XjBoxtoRQxe2tiA6JItTYtIo2BG/x5WXSPKt6uOrdnZdr13kcBTiCY6iABxdQg1uoQwMoPMIzvMKb8+S8OO/Ox7x1xclnDuEPnM8fCE+Shw==</latexit>
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COMMITTEE MACHINE

Specialization phase transition 

Large algorithmic gap: 

IT threshold:    

Algorithmic threshold  

yµ = sign
h KX

l=1

sign(
pX

i=1

Fµix
⇤
il)
i

<latexit sha1_base64="iveC0mUxxRJ8VlkeVsD8rtt+E7c="></latexit><latexit sha1_base64="iveC0mUxxRJ8VlkeVsD8rtt+E7c="></latexit><latexit sha1_base64="iveC0mUxxRJ8VlkeVsD8rtt+E7c="></latexit><latexit sha1_base64="iveC0mUxxRJ8VlkeVsD8rtt+E7c="></latexit>
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K � 1
<latexit sha1_base64="tIKGLXfugTsoLV203AoKJohXlvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdpMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+Hbmd564NiJRjzhJuR/TSIlQMIpW6tyTfhQRb1CtuXV3DrJKvILUoEBzUP3qDxOWxVwhk9SYnuem6OdUo2CSTyv9zPCUsjGNeM9SRWNu/Hx+7pScWWVIwkTbUkjm6u+JnMbGTOLAdsYUR2bZm4n/eb0Mw2s/FyrNkCu2WBRmkmBCZr+TodCcoZxYQpkW9lbCRlRThjahig3BW355lbQv6p5b9x4ua42bIo4ynMApnIMHV9CAO2hCCxiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AH0iY6m</latexit><latexit sha1_base64="tIKGLXfugTsoLV203AoKJohXlvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdpMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+Hbmd564NiJRjzhJuR/TSIlQMIpW6tyTfhQRb1CtuXV3DrJKvILUoEBzUP3qDxOWxVwhk9SYnuem6OdUo2CSTyv9zPCUsjGNeM9SRWNu/Hx+7pScWWVIwkTbUkjm6u+JnMbGTOLAdsYUR2bZm4n/eb0Mw2s/FyrNkCu2WBRmkmBCZr+TodCcoZxYQpkW9lbCRlRThjahig3BW355lbQv6p5b9x4ua42bIo4ynMApnIMHV9CAO2hCCxiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AH0iY6m</latexit><latexit sha1_base64="tIKGLXfugTsoLV203AoKJohXlvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdpMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+Hbmd564NiJRjzhJuR/TSIlQMIpW6tyTfhQRb1CtuXV3DrJKvILUoEBzUP3qDxOWxVwhk9SYnuem6OdUo2CSTyv9zPCUsjGNeM9SRWNu/Hx+7pScWWVIwkTbUkjm6u+JnMbGTOLAdsYUR2bZm4n/eb0Mw2s/FyrNkCu2WBRmkmBCZr+TodCcoZxYQpkW9lbCRlRThjahig3BW355lbQv6p5b9x4ua42bIo4ynMApnIMHV9CAO2hCCxiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AH0iY6m</latexit><latexit sha1_base64="tIKGLXfugTsoLV203AoKJohXlvk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdpMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmvEWS2SiuwE1XArFWyhQ8m6qOY0DyTvB+Hbmd564NiJRjzhJuR/TSIlQMIpW6tyTfhQRb1CtuXV3DrJKvILUoEBzUP3qDxOWxVwhk9SYnuem6OdUo2CSTyv9zPCUsjGNeM9SRWNu/Hx+7pScWWVIwkTbUkjm6u+JnMbGTOLAdsYUR2bZm4n/eb0Mw2s/FyrNkCu2WBRmkmBCZr+TodCcoZxYQpkW9lbCRlRThjahig3BW355lbQv6p5b9x4ua42bIo4ynMApnIMHV9CAO2hCCxiM4Rle4c1JnRfn3flYtJacYuYY/sD5/AH0iY6m</latexit>

n > 7.65Kp
<latexit sha1_base64="N3KkE7/861VmgoYGwwjFaITmtpw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Iraj1J0YvgpYL9gHYp2TTbhmazIckKZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz80LJmTae9+0UVlbX1jeKm6Wt7Z3dvfL+QVMnqSK0QRKeqHaINeVM0IZhhtO2VBTHIaetcHQ79VtPVGmWiEczljSI8UCwiBFsrNQV6BpV3csLdI9kr1zxXG8GtEz8nFQgR71X/ur2E5LGVBjCsdYd35MmyLAyjHA6KXVTTSUmIzygHUsFjqkOstnNE3RilT6KEmVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTMjUUEHmi6KUI5OgaQCozxQlho8twUQxeysiQ6wwMTamkg3BX3x5mTTPXN9z/YfzSu0mj6MIR3AMp+BDFWpwB3VoAAEJz/AKb07qvDjvzse8teDkM4fwB87nD/Lvj6k=</latexit><latexit sha1_base64="N3KkE7/861VmgoYGwwjFaITmtpw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Iraj1J0YvgpYL9gHYp2TTbhmazIckKZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz80LJmTae9+0UVlbX1jeKm6Wt7Z3dvfL+QVMnqSK0QRKeqHaINeVM0IZhhtO2VBTHIaetcHQ79VtPVGmWiEczljSI8UCwiBFsrNQV6BpV3csLdI9kr1zxXG8GtEz8nFQgR71X/ur2E5LGVBjCsdYd35MmyLAyjHA6KXVTTSUmIzygHUsFjqkOstnNE3RilT6KEmVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTMjUUEHmi6KUI5OgaQCozxQlho8twUQxeysiQ6wwMTamkg3BX3x5mTTPXN9z/YfzSu0mj6MIR3AMp+BDFWpwB3VoAAEJz/AKb07qvDjvzse8teDkM4fwB87nD/Lvj6k=</latexit><latexit sha1_base64="N3KkE7/861VmgoYGwwjFaITmtpw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Iraj1J0YvgpYL9gHYp2TTbhmazIckKZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz80LJmTae9+0UVlbX1jeKm6Wt7Z3dvfL+QVMnqSK0QRKeqHaINeVM0IZhhtO2VBTHIaetcHQ79VtPVGmWiEczljSI8UCwiBFsrNQV6BpV3csLdI9kr1zxXG8GtEz8nFQgR71X/ur2E5LGVBjCsdYd35MmyLAyjHA6KXVTTSUmIzygHUsFjqkOstnNE3RilT6KEmVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTMjUUEHmi6KUI5OgaQCozxQlho8twUQxeysiQ6wwMTamkg3BX3x5mTTPXN9z/YfzSu0mj6MIR3AMp+BDFWpwB3VoAAEJz/AKb07qvDjvzse8teDkM4fwB87nD/Lvj6k=</latexit><latexit sha1_base64="N3KkE7/861VmgoYGwwjFaITmtpw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Iraj1J0YvgpYL9gHYp2TTbhmazIckKZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz80LJmTae9+0UVlbX1jeKm6Wt7Z3dvfL+QVMnqSK0QRKeqHaINeVM0IZhhtO2VBTHIaetcHQ79VtPVGmWiEczljSI8UCwiBFsrNQV6BpV3csLdI9kr1zxXG8GtEz8nFQgR71X/ur2E5LGVBjCsdYd35MmyLAyjHA6KXVTTSUmIzygHUsFjqkOstnNE3RilT6KEmVLGDRTf09kONZ6HIe2M8ZmqBe9qfif10lNdBVkTMjUUEHmi6KUI5OgaQCozxQlho8twUQxeysiQ6wwMTamkg3BX3x5mTTPXN9z/YfzSu0mj6MIR3AMp+BDFWpwB3VoAAEJz/AKb07qvDjvzse8teDkM4fwB87nD/Lvj6k=</latexit>

n > const.K2p
<latexit sha1_base64="AzwnbcxSjPdw7/Dl4vHiU8EJajE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIWkCLqSohvBTQX7gDaWyXTSDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq4/vfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWh4NfGbD0RpKsWdGSUk5KgvaEwxMlbqugcCXsCsozjEUmjjjeHNfQUmXbfse/4UcJEEOSmDHLWu+9XpSZxyIgxmSOt24CcmzJAyFDMyLnVSTRKEh6hP2pYKxIkOs+n9Y3hslR6MpbIlDJyqvycyxLUe8ch2cmQGet6biP957dTE52FGRZIaIvBsUZwyaCSchAF7VBFs2MgShBW1t0I8QAphYyMr2RCC+ZcXSaPiBb4X3J6Wq5d5HEVwCI7ACQjAGaiCa1ADdYDBI3gGr+DNeXJenHfnY9ZacPKZffAHzucPyJaUpg==</latexit><latexit sha1_base64="AzwnbcxSjPdw7/Dl4vHiU8EJajE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIWkCLqSohvBTQX7gDaWyXTSDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq4/vfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWh4NfGbD0RpKsWdGSUk5KgvaEwxMlbqugcCXsCsozjEUmjjjeHNfQUmXbfse/4UcJEEOSmDHLWu+9XpSZxyIgxmSOt24CcmzJAyFDMyLnVSTRKEh6hP2pYKxIkOs+n9Y3hslR6MpbIlDJyqvycyxLUe8ch2cmQGet6biP957dTE52FGRZIaIvBsUZwyaCSchAF7VBFs2MgShBW1t0I8QAphYyMr2RCC+ZcXSaPiBb4X3J6Wq5d5HEVwCI7ACQjAGaiCa1ADdYDBI3gGr+DNeXJenHfnY9ZacPKZffAHzucPyJaUpg==</latexit><latexit sha1_base64="AzwnbcxSjPdw7/Dl4vHiU8EJajE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIWkCLqSohvBTQX7gDaWyXTSDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq4/vfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWh4NfGbD0RpKsWdGSUk5KgvaEwxMlbqugcCXsCsozjEUmjjjeHNfQUmXbfse/4UcJEEOSmDHLWu+9XpSZxyIgxmSOt24CcmzJAyFDMyLnVSTRKEh6hP2pYKxIkOs+n9Y3hslR6MpbIlDJyqvycyxLUe8ch2cmQGet6biP957dTE52FGRZIaIvBsUZwyaCSchAF7VBFs2MgShBW1t0I8QAphYyMr2RCC+ZcXSaPiBb4X3J6Wq5d5HEVwCI7ACQjAGaiCa1ADdYDBI3gGr+DNeXJenHfnY9ZacPKZffAHzucPyJaUpg==</latexit><latexit sha1_base64="AzwnbcxSjPdw7/Dl4vHiU8EJajE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIWkCLqSohvBTQX7gDaWyXTSDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq4/vfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWh4NfGbD0RpKsWdGSUk5KgvaEwxMlbqugcCXsCsozjEUmjjjeHNfQUmXbfse/4UcJEEOSmDHLWu+9XpSZxyIgxmSOt24CcmzJAyFDMyLnVSTRKEh6hP2pYKxIkOs+n9Y3hslR6MpbIlDJyqvycyxLUe8ch2cmQGet6biP957dTE52FGRZIaIvBsUZwyaCSchAF7VBFs2MgShBW1t0I8QAphYyMr2RCC+ZcXSaPiBb4X3J6Wq5d5HEVwCI7ACQjAGaiCa1ADdYDBI3gGr+DNeXJenHfnY9ZacPKZffAHzucPyJaUpg==</latexit>



OTHER EXTENSIONS

Teacher’s model mismatching the student’s model.             
Replica predictions known (maybe replica symmetry breaking), no proof yet.  

Beyond random iid data F.                                                                
So far random orthogonally invariants matrices solved (Kabashima, arxiv:
0808.3900) and partially proven (Gabrie, Manoel, Barbier, Luneau, Macris, 
Krzakala, LZ, arxiv:1805.09785). 

Beyond separable priors PX.                                                         
Priors coming from another GLM solved (Manoel, Krzakala, Mezard, LZ arxiv:
1701.06981 ; Rangan, Fletcher arxiv: 1706.09549; Reeves arxiv:1710.04580).



CONCLUSION

Teacher student setting for the Generalized linear model.  

Analysis of the Bayes-optimal estimator for random iid matrices, and 
separable output and prior.  

Determination of the phase transition and their algorithmic meaning, 
approximate message passing.  

Hardness of computational tasks in probabilistic setting                             
(still a lot to be done). 

      Thank you for your attention!


